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Abstract

This paper theoretically and experimentally analyzes a repeated principal-agent game with varying relative stakes.
The principal hires an informed agent to observe the state and take action accordingly. There is a high probability that
the principal and the agent have misaligned preferences and the principal does not know the agent’s type. Repeated
play becomes valuable in such a setting by improving the equilibrium payoff of the principal. The agent has reputation
incentives that motivate her to take action matching the true state in the initial periods rather than maximize her
own period payoff. As Morris (2001) calls, the "discipline effect”" of the reputation incentives benefits the principal.
We show it is optimal for the principal to start the interaction small and increase the stakes gradually. The agent’s
reputation incentives are managed so that the reputation evolves slowly. We test these predictions in four treatments
via online experiments. Each period receives an equal stake in the first treatment. In the other three treatments, the
interaction starts mall, and the stakes increase at different speeds. We show that the smaller the interaction starts, the
higher the reputation incentives of the agent. More importantly, we show that the principal earns a higher payoff in
starting-small (gradualism) treatments than the equal-stakes treatment. We contribute to the literature on gradualism
by showing it is a valuable tool to improve equilibrium payoffs in the principal-agent framework with asymmetric

information.
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1 Introduction

We frequently participate in interactions that last longer than a single period. In environments with asymmetric infor-
mation, repeated play becomes valuable. Reputation incentives arise, and the players can obtain higher equilibrium
payoffs via updating beliefs in each other. Furthermore, repeated play enhances cooperation in prisoners’ dilemma-like

settings where it is hard to reach cooperation in one-time interactions.

This paper theoretically and experimentally analyzes a repeated principal-agent interaction. The principal decides
whether to delegate a job to the agent whose preferences are unknown. We focus on the setting where there is a
sufficiently small probability of the agent being a good type. If the interaction is one-shot, the principal does not hire
the agent with such a low reputation level. However, in a repeated play, the principal can monitor the agent’s behavior
and act accordingly. The principal hires the agent in the first period and continues hiring as long as the agent displays
the desired behavior. The principal’s hiring behavior creates reputational incentives for the agent to act according to

the principal’s expectations.

The extent of the reputational incentives depends on how the stakes are allocated across the interaction periods.
In the classical studies of repeated communications, each period receives an equal weight. In this paper, we vary the
allocation of stakes to find the principal-optimal one. For instance, the agent does not have reputational incentives if the
interaction starts with sufficiently high stakes. In other words, if the future communication is not adequately important
compared to the current play, then the agent aims to maximize today’s payoff rather than focusing on the reputation.
It may be the desired behavior in specific environments. However, the principal does not hire the agent in the absence
of reputational incentives if her initial reputation is low. The principal-optimal allocation involves starting small and

increasing the stakes gradually.

This paper analyzes a three-period repeated principal-agent game. The agent is either a good or a bad type, and
the principal does not know the agent’s type. The principal hires the informed agent to observe the state and take action
accordingly. The good agent shares the same preferences with the principal and prefers to take the action that matches
the state. The bad agent, on the other hand, prefers a particular action irrespective of the state. Consider, for example,
a state official hiring a private firm for a public project that will last up to three years. At the beginning of each year,
the official decides to hire the agent or not. If the agent is hired, she implements the project. At the end of the year, the
official observes both the firm’s action and whether the execution was adequate. Next, he makes the hiring decision for

the next year.

It is optimal for the principal to start the interaction small in such a setting. Starting small leads to reputation

incentives that benefit the principal. In the initial periods, the bad agent does not want to reveal her type and displays



the principal’s desired behavior. Morris (2001) names this as the "discipline effect” of reputation incentives. Following
the example above, the government official may have the freedom to choose the project’s relative size each year. He
can dynamically decide which proportion of the remaining project to implement in each period. This way, he can
control the reputational incentives of the agent. Alternatively, a third party may allocate the stakes across the periods.
The optimal allocation of stakes is such that the bad agent is indifferent between investing in reputation or not in each

period.

In the experiment performed in this paper, we test the predictions of the theory with four treatments. Each
treatment involves a particular allocation of the stakes. In one treatment, each period gets an equal stake. There are
three treatments of starting small. Stakes grow at a different speed in each treatment. We show that the smaller the
interaction starts, the higher the reputation incentives are. The reputation incentives of the agent benefit the principal.
The payoff of the principal is higher in the starting small treatments compared to the equal-stakes treatment. Hence,
we can conclude the subjects understand the reputation incentives well in the lab environment. If managed, these
incentives can improve the equilibrium payoff of the principal. Reputation incentives become more valuable in a

setting as presented in this paper in which there is a high risk of hiring the agent.

2 The model

An uninformed principal and an informed agent interact on a project. The project lasts for n periods, and N is the

index set of the periods. In each period i € N, the state 6; € {0,1} is realized. Each state is equally likely, i.e.
1

prob[0; = 0] = prob[6; = 1] = 3 and independent across the periods.

At the beginning of each period i, the principal decides whether to terminate the project. Principal’s period i
termination strategy is defined by A; where A; € [0, 1] is the probability of hiring the agent. Once the agent is not hired,
the game ends and the payoffs are realized. If A; = 1, then the agent observes the true state and takes action a; € {0,1}.

The principal observes a; and 6;, updates his belief in agent’s type, and the game proceeds to the next period.

The expected continuation payoff of player y € {g,b, P} (good agent, bad agent and the principal respectively)
il n 'l
in period i is given as follows: Vi} =Y vU J} where Uiy denotes the stage game payoff in period i and §; € I' is the stake
Jj=1

of the period i such that '\, % = 1. 7;’s are common knowledge and constant for all players.

There are two types of agents: {g,b} - good and bad types. The good agent shares the same preferences with the
principal, while the bad agent favors the higher action regardless of the state. The agent is privately informed about his

type, and the principal believes that the agent is good with the probability p; € (0,1). p; measures the initial reputation



of the agent being good.

Forany i € N, let H; be the set of all histories before decision i is made, i.e. H; = ({11,01},{12,02}, ... {¥i=1,0i-1})
where 0; = (A;,a;,6;). A period i strategy for the principal is given by A; : H; — [0, 1] where A;(h) is the principal’s
choice of A;. Principal’s belief about the type of agent is defined by the probability of agent being good in period i:
pi : H; — [0,1]. The agent moves after histories of this type I; = (h, 4;, 8;) where [; is the period i information set of
the agent. The good agent’s (mixed) strategy is given by ,ul.ei = prob(a; = 0|6;) and the bad agent’s strategy is given by

vl-e" = prob(a; =0/6;). w;&v; : J; — A[0,1] where J; is the set of all period i information sets.

The timing of the stage game in period i can be summarized as follows:

1) The principal decides whether to hire the agent. If A; = 0, then the project is terminated and the payoffs are

realized.
2) If A; = 1, nature chooses the state 6; € {0,1}.

3) The agent observes 6; and takes the action a; € {0,1}

The stage game payoffs are given by the table:

Good agent (and the principal) Bad agent

0=0 0=1 60=0 0=1
a=0 k k—1 a=0 k—1 k—1
a=1 k—1 k a=1 k k

where k € (0,1/2) is assumed to be the payoff accruing from the project in each period. This constraint on k is
made for the following reason. If the principal thinks that the agent chooses her action independent of the state, he does
not hire her for the values of k in the defined range. Not hiring the agent gives the payoff of 0 to all players. In other
words, if the payoff received from the project (k) is “not sufficiently high”, then the outside option is a better choice

for the principal relative to facing an agent whose action does not depend on the state.

Period i stage game strategy of the agents may be summarized with the table below:



6,=0 6,=1
Owith probability M,Q 0 with probability ,ui1
good agent
1 with probability 1 — ,ulp 1 with probability 1 — /,Lil
Owith probability vl-o Owith probability v}
bad agent
1L with probability 1 — V? 1L with probability 1 — vl.1

We focus on the perfect Bayesian equilibria with Markovian property. In that regard, history matters only in
terms of its effect on the agent’s reputation. Thus, if the agent has the same reputation level after two different histories,
then the principal’s action is the same in both cases. The principal’s decision depends on the past observations only
through their effect on the reputation of the agent. More formally, for any i € N and h,h’' € H;: p;(h) = p;(h’) implies
Ai(ailh) = Ai(ai|') and p;(h) = (') and v} (h) = v ().

Proposition 1. In any perfect Bayesian equilibrium:

1) There is a reputation incentive for the agent to play action 0 when the state is 0. More precisely,
Pi+1 (ai =0,6;= 0) > Pit1 (ai =1,6= 0) Viand Vh € H;

Pi11(0,0) > piy1(1,0) implies p = 1.

2) If W} and/or v} is greater than zero, then piy1 (0,1) > pi1(1,1) and v} < u! by Bayes’ rule.
Proof. All proofs are relegated to Appendix B. O

Note that the good agent has no incentive to act differently from the state observed when 6; = 0. Thus, playing
action 1 with a positive probability when the state is O can not be an equilibrium strategy for the good agent. It is easy
to see as playing action 1 hurts both the stage game payoff and the reputation, hence [.LI»O =1 in any equilibrium. For

ease of exposition, we will write y; to refer to ,uil.

Given the above-defined strategies, the principal’s belief about the type of the agent in period i + 1 - p; 11 (a;, 6;)

- is updated by Bayes’ rule as follows:

B Pi
Cpi+(1—p)v?

pi+1(170) =0

pi+1(0,0)



Pilli

i+1(0,1) = ————
Pix1(01) pitti + (1 —pi)Vv}
a0 pi (11— )
Pi+1(1L, =
i pi(1— )+ (1—pi) (1-v})
Prediction A.

1) The principal’s belief that the agent is good type will be 0 after observing {a;,6;} = {1,0} in any treatment.

2) The principal’s belief that the agent is good type will be the highest after {0,0}. More precisely, p;+1(0,0) >

pi+1(17 1) > piJr](laO)'

3) The principal will hire the agent more frequently after {0,0}.

Note that 2 implies 3.

3 Experimental Design.

The interaction between the principal and the agent in a three-period interaction (n = 3) is analyzed in the experiment.

1
The experiments are conducted online via oTree (Chen et al., 2016).We set p; = 0.1 and k = 3 The experiment

comprises four treatments. The independent variable varying across treatments is the allocation of stakes.

e Treatment 1 - x1 treatment: I'} = {%, %7 % } It is the baseline treatment where each period receives an equal
stake. In the allocation I'j, stakes remain the same for all the periods. It is baseline allocation because it

corresponds to the classical repeated game analysis where each stage game is the same.

e Treatment 2 - X2 treatment: ') = %, %, % . It is one of the three "starting small" treatments. In this treatment,

the interaction starts small but increases at a slow speed. The relative stakes increase by multiplying 2.

e Treatment 3 - X3 treatment: ['3 = %, %, 19—3} This is the starting small treatment where the stakes evolve at a

higher speed. The relative stakes increase by multiplying 3.

e Treatment 4 - x4 treatment: I'y = {21—1, 24—1, é—?} In this treatment, the stakes start small and increase fast. The

relative stakes increase by multiplying 4.



Each treatment is tested in a different session, so we have a between-subject design. There are 20 subjects in each
session. Each subject plays 15 super-games (3-period games), each with a new opponent (stranger matching). Half of
the subjects are randomly selected to be principal at the beginning of the experiment. One of the ten agents (p; =0.1) is
randomly selected to be the good type and the remaining is allocated to the bad type. The subject’s role as the principal
or the agent, and type remains the same throughout the session. Neutral labels are used for types of agents. Type 1 and
2 correspond to good and bad types, respectively. After the roles are distributed, all subjects were informed about the
distribution of types and the difference in different types’ payoff scheme. 0 and 1 in the state and the action sets are

labeled as green and blue, respectively.

The timing of each super-game is as follows:

1) The subjects are matched.

2) The principal is asked about his belief in the probability of the agent being good (non-incentivized).
3) Principal chooses A; - decides whether to hire the agent.

4) (If A; = 1) Computer randomly chooses green or blue. (0; is set)

5) The agent observes the computer’s choice and takes action - green or blue.

6) The period ends, principal observes both the agent’s and the computer’s color choice. The next period starts, and

the same steps 2-5 are repeated.

The above steps repeat as long as the principal continues to hire the agent. If the principal hires the agent for all the
periods, the game ends after period 3. In each period, the principal observes past choices of the agent, states, and his
payoff before making the decision. The principal does not observe the action of the agent from previous super-games.
Thus, we avoid building a reputation between the super-games. In each session, 15 super-games are played to enable
learning. 2 of 15 super-games are randomly selected, and the subject’s earnings from these two periods are paid. 20TL
participation fee is paid to each subject. The average session length was 100 minutes, and the average earning was

52TL.

The timing of the experiment is as follows:

1) Instructions explained.
2) Incentivized quiz (2 TL per correct answer).

3) 15 Super-games.



4) Incentivized Holt-Laury ( Holt and Laury, 2002) task.

5) Survey, demographics (10 TL is paid for completing the survey).

Exchange rates are arranged across treatments so that maximum and minimum possible earnings in each super-game
corresponds to 10 TL and -20 TL in all treatments. Detailed comparison of parameters across treatments is relegated

to Appendix A.

4 Theory and Predictions.

We are trying to find the principal-optimal allocation of % when there is a sufficiently small probability that the agent

1—k 1
is the good type. Theory predicts ¥ = ] knk”’i. We test k = 3 experimentally, hence, the predicted optimal stakes
31'71
allocation is as follows: 7; = o7 This corresponds to I'; where the stakes evolve by multiplying by 3. For this

allocation of stakes, the bad agent is indifferent between both actions in each period, and the good agent prefers action
0. The principal hires the agent after observing action 0 and does not hire after action 1. In this formation, the
reputation of the agent increases gradually through the interaction. We assume that the principal sets the relative stakes
for convenience to define the principal-optimal allocation. Note that this assumption does not alter the equilibrium

analysis as any third party trying to maximize the principal’s expected continuation payoff can set the stakes.

There are two possible equilibrium behavior: (1) Babbling when 6; = 1 and (2) reputation incentive when 6; = 1.
In the first case, both types of agent play action 1 when 6; = 1, i.e. there is no reputation update. The principal’s belief
pi+1(0,1) is sufficiently low so that the agent has no incentive to play action 0. This behavior is mostly observed in
the experiment; hence we will focus on the babbling equilibrium through the main text. In the alternative equilibrium,
there may be reputation incentives given 6; = 1. If so, then /J,-l > vi1 by Bayes rule so that p;+1(0,1) > p;+1(1,1).

Alternative equilibrium strategies and payoff are detailed in the proof of each proposition.

The bad agent plays action 0 with a positive probability in the first and the second periods when the state is
0. The mixing probability of the agent must in a certain range to satisfy the equilibrium beliefs. The reputation
incentives of the bad agent has two-dimensional effect on the expected payoff of the principal. The principal’s period
i payoff is increasing in vio. It corresponds to the discipline effect of reputation incentives. On the other hand, for
large enough k, the expected continuation payoff of the principal is decreasing in v? . The reason is that, higher v?
implies the bad agent survives till the next period with a higher probability. We focus on large k values in this analysis.
We use principal-optimality as the equilibrium selection criteria. Principal-optimality is used for determining VIQ. As

the expected continuation payoff of the principal is decreasing in vlo , the agent will play action 0 with the lowest



probability satisfying the equilibrium conditions. The agent is indifferent between different probabilities, hence this is

also the agent-optimal equilibrium.

The following proposition formalizes the principal-optimal equilibrium.

1 1—k
Proposition 2. If we start with a sufficiently low initial reputation (p; << (1 —2k)?) and k > i Y = I k3k3’i

is the principal-optimal allocation of stakes and the following strategies constitute the principal-and-agent-optimal

equilibrium:
4kp1 (1-k) 2kpy
v = S, vy =
(1—p1)(1—2k) (I=p1)(1—2k)
vi&vi =0
&, =0
)vi-‘rl(oao) = lv A’i+1(l76i)&)~i+l(07 1) = OfOV@,' S {Oa l}al’ldl € {273}
Proof. Appendix. O

The principal’s ex-ante expected payoff is the highest if the stakes are allocated according to I';5. The principal

hires the agent if {a;, 6;} = {0,0} is observed.
Prediction B. The principal gets the highest payoff in the treatment I'3.

In the following subsections, we will define equilibrium behaviors in each treatment. Refer to Appendix for the

comparison of treatment parameters.

4.1 Equal stakes -I';.

1 111
Proposition 3. Set p; =0.1 and k = 3 where the allocation of stakes is given by I'| = I3[ Assuming Ay = 1,
the following assessment constitutes the unique Perfect Bayesian equilibrium:
v =0 for 6; € {0,1} and w; =0 Vi € {1,2,3}.
22(0,0) =1, 2,(1,0) = A»(1,1) = 22(0,0) =0
Proof. Appendix. O

10



The principal earns an expected continuation payoff of —0.027. Hence, the principal does not hire the agent in
the first period. We expected the principal to hire the agent with a positive frequency in the experiments because of

either home-made priors or risk preferences. Thus, the equilibrium behavior is defined by assuming A; = 1.

This allocation of stakes implies there is no reputational incentive in any period. The evolution of reputation is

following in the above equilibrium:

¢ p2(0,0) =1 & p2(1,1) = ps

* p2(1,0) = p2(0,1) =0

If (0,0) is observed, then the principal knows the agent is the good type. The principal hires the agent only after this

observation.

Prediction C

1) In Treatment 1, There is no reputational incentive.

2) The smaller the interaction starts, the higher the reputational incentives.

4.2 Starting small - stakes increase slowly: Treatment 2 - ;.

1 124
Proposition 4. Ser py = 0.1 and k = 3 where the allocation of stakes is given by I, = T The following
assessment constitutes the principal-and-agent-optimal equilibrium:
2 2

W=t =5 v2=0

vl = =0forVie {1,2,3}.

/,142(050) =1, A2(170) = A‘Z(la 1) = A'Z(Oa 1) =0

23(0,0) =1, A3(1,1) = 4, A3(1,0) = A3(0,1) =0
Proof. Appendix. O

The principal has an expected continuation payoff of 0.0024. The agent has a reputation incentive only in the

first period.

11



The evolution of reputation is as follows in the above equilibrium:

* pZ(O?O) = % &p2(]7 1) =pP1
* p2(1,0) =p2(0,1) =0
* p3(0,0) =1 & p3(1,1) =p>
¢ P3(1,O) = p3(0, 1) =0
Note that there are higher reputational incentives in Treatment 2 compared to Treatment 1. Hence, observing (0,0)

does not increase the reputation as much. In other words, the reputation of the agent evolves slower in Treatment 2

compared to Treatment 1.

4.3 Starting small - stakes increase in medium speed: Treatment 3 - ['5.

1 1 3 9
Proposition 5. Set p; =0.1 and k = 3 where the allocation of stakes is given by I's = IR EN G The following
assessment constitutes the principal-optimal equilibrium:
0_ 801 _ 8 ,0_ 2

=1 =5 Vi =1

vi&u; =0 foric {1,2,3}

24i(0,0) =1, 4;(1,0) = 4;(1,1) = 4:(0,1) = 0 for i € {2,3}
Proof. Appendix. O

The principal has an expected continuation payoff of 0.0218. Note that the agent has a reputation incentive in
all periods except the last one. The reputation will evolve slower under this allocation compared to Treatment 1 and

Treatment 2. From Proposition 2, I'5 is the optimal allocation of the stakes for the principal.

As there are more reputation incentives, the reputation of the agent will evolve slower in this setup. The evolution

of reputation is following in the above equilibrium:

* 02(0,0) = 5 &p2(0,1) < 5

1

* p2(1,0)=0&py(1, 1) =p1= 15

12



1 1
¢ p3(070) = g&PB(OJ) < g

* p3(1,0) =0&p3(1,1) = p2

4.4 Starting small - stakes increase fast: Treatment 4 - I',.

1 1 4 16
Proposition 6. Set py =0.1 and k = 3 where the allocation of stakes is given by I'y = (" The following
assessment constitutes the principal-optimal equilibrium:
0_ 801 _ 8 ,0_ 2

Vi = 113,;. *@‘6*%

vi&u; =0foric {1,2,3}

22(0,0) = 23(0,0) = 3,

2A:(0,1) = 4;(1,0) = 4;(1,1) =0 for i € {2,3}.
Proof. Appendix. O

The first thing to realize is that this allocation of stakes implies high reputation incentives. Hence, if the principal
hires the agent after observing (0, 6;),then the agent’s best response will be to play action 0 with a probability of 1
Then, the reputation is not updated. As the initial reputation is sufficiently low, this behavior can not constitute an

equilibrium. Thus, the principal plays a mixed strategy. The principal gets the expected payoff of 0.013 in this setup.

The evolution of reputation is as follows in the above equilibrium:

p2(0,0) = § & p2(0,1) < 5

p2(1,0) =0&p>(1,1) = p

p3(0,0) = 1 &p3(0,1) < §

p’;(l,O) = 0&p3(171) =p2

Prediction D.

1) In Treatment 3&4, the principal will not hire the agent project after action 1 in each period.

2) The principal will hire the agent more often after observing action O Treatment 3 compared to Treatment 4.

13



4.5 Payoff comparison.

Theory predicts that when the agent’s initial reputation is sufficiently low, then the principal-optimal allocation of
relative stakes is such that the bad agent is indifferent between two actions in each period. The stakes increase gradually
in the equilibrium; hence our findings comply with the literature on gradualism. If the interaction starts with a higher
stake and the stakes evolve slower (Treatment 2), then there will not be sufficient reputation incentives for the agent.
On the other hand, if the interaction starts very small and the stakes increase rapidly (Treatment 4, x4 speed), the
reputation incentive will be so high that the principal will be unable to update his belief in the type of agent. Thus,

gradualism with the right speed (x3) is expected to lead to the highest payoff.

Prediction E. The ranking of the allocations in terms of the expected payoff of the principal is as follows: 73 > T4 >

T2>T1L

It states that starting the interaction small is better for the principal if the initial reputation is sufficiently low.
However, if the stakes do not increase at the right speed (x3), there will be an excess of or a deficit of reputation
incentive. Hence, the result will be sub-optimal for the principal. If the interaction starts smaller than the equilibrium
stake and evolves faster, there will be high reputational incentives. However, three types of gradualism are preferred to

starting small.

5 Results

The behavior of the subject is in accordance with the predictions of theory to some extent. The reputational incentives
and the principal’s average payoff are observed to vary across treatments. As expected, the smaller the interaction

starts, the more reputational incentives are there.

The first thing to note is that the good agent never plays the action different from the state. They follow the

babbling strategy.

The main divergence from the predictions occurs when the bad agent plays action 1 when the state is equal to
0. The good agent has no motivation to act accordingly; hence the principal is expected to not hire the agent after
observing such an outcome. However, the principal hires the agent in 64.6% of all such occurrences. This behavior is

be explained with risk incentives and subjective beliefs about the next period’s state in the following subsections.

1UP(13) =0.0218, UP(T4) = 0.013, UP(T2) = 0.0024, UP(T'1) = —0.027

14



5.1 Agent Behavior and Reputation Incentives.

The reputation incentive is measured by the frequency of the bad agent playing action 0, more precisely, vl-o. Note that
there is no reputational incentive in the last period, hence we expect v39 3 =0 in any treatment. It is observed in the
data that no bad agent plays action O in the last period. Hence, we can conclude that vio > ( stems from reputation
incentives rather than altruism of the bad agent. The smaller the interaction starts, the more reputational incentives are.
Hence, we expect v;(T1) < v;(T2) < vi(T3) < v;(T4) for i = {1,2}. We focus on first-period reputation incentives
because second-period reputation incentives depend on first period outcomes in addition to the allocation of stakes. A
similar trend is also observed in the second period, although insignificant; hence we do not report them. The observed

v? frequencies and the results of logit regression are reported in Table 1. Prediction C2 is satisfied.

Note that, theory predicts two possible equilibrium behavior:

1) Babbling when 6; = 1. In this equilibrium, both types of agent play action 1 if 6; = 1 is observed. The principal’s
out-of-equilibrium path belief in this equilibrium must be p;11(0,1) < p;11 so that the agent has no reputational
incentive to play action 0. This equilibrium behavior is observed in all treatments expect for some occurances in

treatment 3.

2) Reputation when 6; = 1. We observe this equilibrium behavior only with the bad agent in Treatment 3 (in the 16

of the total 72 occurrences of 6; = 1). v21 =0.22 is observed and p;(0, 1) is reported to be 49.1 on average.

As the second behavior is rarely observed and only in one treatment, we refine our focus on 6; = 0 for the analysis of

reputational incentives.

5.2 Beliefs.

When a period starts, the principal is asked about his belief in the agent’s probability of being the good type. At the
beginning of the first period, they are informed that there is a 10% chance of matching with a good agent. 85% of
the principal reported belief of 10% in the first period, and the mean belief is 13%, which is reasonably close to the

objective probability of the agent being good type.

If a; = 1 and 6; = 0 is observed in any period, then it implies that the agent is bad type, i.e. pi+1(1,0) = 0. If
a; = 1 and 8; = 0 is observed, 87% of the principals reported belief equal or below 10% (54,5% being equal to zero).

Even though it is significantly away from the expected belief of 0, we observe that {a;,0;} = {1,0} decreases the

15



Table 1

Reputation incentives across treatments.

(D) 2
v? rep
0.098
Treatment 1
(0.04)
0.324 0.837**
Treatment 2
(0.06) (0.27)
0.492 1.27%**
Treatment 3
(0.06) (0.27)
0.81 2.18%*
Treatment 4
(0.05) (0.28)
—1.20%**
Constant
(0.22)
N 263

(1) Observed average probabilities of bad agent playing

action O given the state of 0. Standard errors in parentheses.

(2) Logit regression of probability of bad agent playing action 0.
Standard errors in parentheses.

Dependent variable is reputation. It takes value 1 if the bad agent plays
action 0, 0 otherwise given state is equal to O in the first period.

*p <0.10, " p < 0.05, **p < 0.01.

agent’s reputation. If we define Ap,jas p» — p1, the mean Ap;; is equal to —3,2, and 91,84% of observed Ap,; values
are non-positive. In percentage terms, the average change in beliefs is —112%. Ap3,(1,0) has also a negative mean of

-4.5.

As expected, {a;, 0} = {0,0} increases the agent’s reputation for all treatments. Ap,;(0,0) has an average of
28.65 across all treatments where the average p,;(0,0) = 42.76. We expect it to be higher in the treatments with lower
reputational incentives; however, no such trend is observed. Ap3;(0,0) has a mean of 18, which again holds with our

expectation of reputation concerns at force.

The principals seem to be more optimistic than the theory predicts when {a;, 6;} = {1,1} is observed. At best,
we expect there to be no reputation loss, i.e., no reputation update. However, the average Ap,;(1,1) is equal to 5.3
across all treatments, significantly different from 0. On the other hand, Ap3,(1,1) is equal to 4.9, which is not different

from 0 at 99% significance level.

The belief updating is far away from Bayesian updating; however, the sign of change in beliefs follows what

theory predicts. Table 2 shows that Prediction A2 holds.
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Table 2

Belief update
{ai-1,6i-1} p2 p3
46.41%* 16.66**
{01}
(6.31) (7.92)
4277 47.78***
{0,0}
(2.33) (4.28)
18.61"** 31.76**
{1,1}
(1.27) (1.94)
10.61%** 19.74%**
{1,0}
(1.84) (2.8)
Constant No No
Subject fixed effects Yes Yes
R-squared 0.534 0.451

OLS regression results of reputation on previous
period’s observation. Standard errors in parentheses.

*p <0.10, ™ p < 0.05, **p < 0.01.

In addition to the principal’s belief about the agent’s type, there seems to be another subjective belief in force.
In the survey at the end of the experiment, the subjects were asked about their beliefs in the next period’s state being
0, given that the current period’s state is 0. Most of them reported beliefs (7 (6,11 = 0| 6; = 0)) less than 50%. This
belief, alongside risk behavior, can explain why some of the principals continued hiring the agent after observing
{a1,01} ={1,0}. Evenif they knew that there is a small or no probability that the agent is a good type, they subjectively
believed that the probability of two consecutive period’s states being 0 is sufficiently low; hence they hired the agent.
Furthermore, they reported lower belief on the third period’s state being O given state O is observed in the first two

periods (7(03 =0|6; =0& 6, = 0)).

Note that (6,41 = 0] 6; = 0) first-order stochastic dominates (63 = 0| 6; = 0& 6, = 0), which is no surprise
(Table 3). The subjects form a subjective belief in the state such that there is a less than 1/2 probability of observing

state 0 in two consecutive periods. Observing 0 in all three periods is expected to be even less likely.
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Table 3

Frequency of subjective beliefs in the state.

05 0405 03-04 0.2-03 <0.2 N

n(63=00, =0&6,=0) 45% 10% 18.75% 10% 16.25% 80

Cumulative 45%  55%  73.75% 83.75%  100%
(641 =0]6; =0) 55%  10%  15% 10% 10% 80
Cumulative 55%  65%  80%  90%  100%

7(6;11|x) denotes reported subjective belief in 6, given x is realized.

5.3 Principal behavior.

The principal hires the agent if he expects a non-negative payoff. A risk-neutral principal with no subjective belief in
the state does not hire the agent if he knows that the agent is a bad type with a high probability. In the particular case
where the agent plays action 1 while the state is 0, the principal should not hire the agent. However, we observe a
positive hiring rate after such an occurrence. In general, the hiring rates are higher than the prediction of the theory. It
was expected. Home-made priors about either the type of the agent or the state in the next period combined with risk
preferences may lead the principal to hire the agent even in circumstances where a risk-neutral principal is expected

not to hire the agent.

The behavior pattern, on the other hand, is in line with the predictions of the theory. The higher the principal’s
reported belief in the agent’s type, the higher the hiring rate is observed. Moreover, the hiring rate is the highest after
{a1,6:} = {0,0}. The agent is the least hired after {a;, 6;} = {1,0}. As discussed earlier, we expected this rate to be
0. Although this prediction is not met, the hiring rate is still sufficiently low compared to other observations in both the
first and second periods. Table 4 summarizes the logit regression results. Prediction A.3 is mostly met, as can be seen

from the table.

5.4 Payoff Comparison.

The principal prefers to start the interaction small if the agent is bad type with a sufficiently high probability. The
intuition is that the principal can benefit from the reputation incentive of the agent. Morris (2001) defines three effects
of the reputation incentives. First is the "discipline effect," which is responsible for the biased agent to play the action
matching the state in the initial periods. It is the most prominent effect in our setup. The smaller the interaction starts,

the higher the reputation incentives, hence the higher the discipline effect. The second is the "sorting effect," which
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Table 4

Hiring behavior

T1 T2 T3 T4

{ai,hei,]} i=2 i=3 i=2 i=3 i=2 i=3 i=2 i=3
(0,0} L79%%*  1.79*** 2.6 177" 214" 1.87"  3.46"F  1.25%F
’ (0.54)  (0.54)  (0.52) (0.54) (0.37)  (0.54)  (0.51)  (0.33)
(.1 113 0.69** 1.18™* 031  2.08"* 044" 346 1.02*
’ (0.19)  (0.19)  (0.2)  (0.2) (0.28)  (0.19)  (0.51)  (0.19)

(1,0} 0.89***  0.82%** 0.25 0.41* 0.33 —0.17 1.7+ 0.27
’ (0.21)  (0.26)  (0.21) (0.23) (0.26)  (0.21)  (0.54)  (0.22)

N 294 220 290 212 296 238 290 278

Logit regression. Standard errors in parentheses.
Dependent variable is hiring. It takes value 1 if the agent is hired, O otherwise.

*p <0.10, " p < 0.05, ***p < 0.01.

enables the principal to update his belief about the agent’s type. In the babbling equilibrium - which is observed in
most of the games - this effect is reversed. The principal can not update his belief after 6; = 1 if both agents play action
1 with a probability of 1. On the other hand, if 6; = 0,the principal would know the agent’s type in the absence of
reputation incentives. In such an environment, the good agent will play a; = 0, and the bad agent will play a; = 1. The
strategies imply p;+1(0,0) = 1 and p;+1(1,0) = 1 by Bayes’ rule. The third effect is the “political correctness effect,”
which arises when the good agent plays action 0 for the sake of increasing reputation when the state is 1. However, we
observe that the good agent always plays the action matching the true state. Hence, this effect also does not apply to

the setting of this paper.

To compare the principals’ payoff across treatments, We collect the strategies across all periods and run a sim-
ulation based on the strategies. Approximately 1000 observations per treatment are obtained. Two simulations are
conducted. In the first one, all the strategies are gathered. We observe that the payoffs in Treatment 2 and Treatment
4 are significantly higher than those in Treatment 1. There is no other significant difference. With this data, we can

conclude that starting small is preferred to the equal-stakes treatment. (Table 5)

In the second simulation, we focus on the strategies of slightly risk-neutral subjects. We have a self-assessment
risk question and an incentivized version of the Holt-Laury task (Holt and Laury, 2002) to measure the risk preferences.
In this simulation, we exclude the subjects in the extremes in either of these two risk assessment methods. More
precisely, the subjects who reported self-riskiness less than 2 and higher than 8 (on a scale between 0 and 10) and
the subjects whose switching point is greater than 9 or less than 2 at the Holt-Laury task are excluded. The reason

for making a weak restriction such as relative risk neutrality is not to lose many observations. Here we observe all
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Table 5

Payoff comparison

General T4>T2>T3>T1, T2>*T1, T4>**T1
Slightly risk neutral 74 >T3>T2>"*T1, T4>"*TI1, T3>*TI,
Wilcoxon rank-sum (Mann-Whitney) test.

*p <0.10, **p < 0.05, ***p < 0.01.

three starting small treatments to lead to a higher payoff to the principal than the equal stakes treatment. No significant
difference among the starting small treatments is observed. As the expected payoffs in these treatments are close, it is

different to identify a significant difference among them through experiments.

We run an additional simulation where the "consistency" restriction is added to the above-defined slightly risk-
neutral agents. Consistency is defined as not hiring the agent if action 1 is observed given the state is 0. The reason for
using observations rather than beliefs to define consistency is that a considerable amount of principals report a positive
belief after such outcomes. It may stem from home-made priors or a belief that a good agent may have made a mistake.
Moreover, another belief that may lead the principal to hire the agent is the subjective belief in the next period’s state.
As discussed earlier, the subjects tend to believe the next period’s state will be 1 with a probability higher than 0.5
given @ = 0 is observed in the current period. Hence, by focusing on the hiring outcome for the restriction, we can
control for both these beliefs. We do not exclude the whole super-game in which A;;(1,0) = 1 for some i. Rather,
We include the super-game strategies in the simulation and make correction for A;1(1,0) as A;41(1,0) = 0. In this
simulation, starting small treatments lead to higher payoffs again. Moreover, Treatment 3 leads to a significantly higher
payoff compared to Treatment 2. As the expected payoff in Treatment 3 and 4 is close, we cannot conclude on the

comparison.”

6 Concluding remarks

Repeated play becomes valuable in settings of uncertainty and asymmetric information. In a repeated interaction
between a principal and an agent, the agent holds reputation incentives. Attaining a high reputation level is vital for the
agent because it determines the principal’s future hiring decisions. We show that reputation incentives depend on the
relative importance of periods of interaction. Investing in reputation may be costly. In such circumstances, the agent
faces a trade-off between taking the costly action that will increase her reputation and the action that maximizes the

period payoff. For the agent to invest in reputation, the future interaction’s stake should be sufficiently high. The main

274> T3 >* T2 > T1, T4 >"*T1, where *p < 0.10, **p < 0.05, **p < 0.01.
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focus of this paper is whether the principal benefits from the reputation incentives of the agent. We theoretically and
experimentally show that it is optimal for the principal to start the interaction small in an environment where there is a
low probability that the agent is a good type. Reputation incentives motivate the bad agent to play the action matching
the real state. This paper shows that we can measure reputation incentives via online experiments. We observe that
both principals and agents comprehend the reputation incentives and act accordingly. The higher the future stakes, the
higher the reputation incentives are. In the baseline treatment, each period receives an equal stake. It corresponds to
the classic repeated interaction without discounting. In this setup, the importance of decisions does not vary across the
periods. If the interaction lasts for three periods, we expected there to be no reputation incentives. We observed small
reputation incentives. In the starting small treatments, higher reputation incentives are observed. More precisely, the

faster the stakes increase, the higher the reputation concerns are there.

Principals’ belief updates and hiring frequencies are also observed to align with the theory’s predictions. The
hiring frequency is the highest after the agent and the computer choose {green, green}. As expected, the principal hires
the agent the least after the agent chooses blue when the computer’s choice is green. This outcome signals that the
agent is a bad type for sure. However, we observed a positive hiring rate. We explain this with two phenomena. First,
our theoretical results rely on the risk neutrality assumption. The subjects might want to take a risk and hire the agent
even if they knew that she is the bad type. Second, the subjects might put a probability less than 1/2 to the possibility of
the computer choosing green in two consecutive periods. If a principal knows that the agent is a bad type and believes
that the computer will choose blue with sufficiently high probability in the next period, it is rational to hire the agent.
Answers to the related survey questions justify this statement. Many subjects reported that they believed the computer
would choose green with a probability less than 1/2 in the next period given that it has chosen green in the current

period.

We conclude that starting the interaction small improves the principal’s payoff in an environment where there
is high uncertainty. It helps the principal in three ways. First, as the principal is cautious about the agent, starting
with small stakes means lower risk. Second, starting small and gradually increasing the stakes "disciplines" the bad
agent to choose the same color as the computer. Lastly, the principal can observe the agent’s behavior and decrease the

uncertainty in the further periods where there are higher stakes.

Appendix A.

Comparison of Treatment parameters.
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Table 6

Treatment parameters.

Treatment 1

Treatment 2

Treatment 3

Treatment 4

111 124 1 39 1 4 16
Stakes 333 777( BB )2aral
Show-up fee 20TL 20TL 20TL 20TL
Exchange rate - e 1/3 1/7 1/13 1/21
Max. ECU/super-game 30 70 130 210
Max. TL/super-game 10 10 10 10
Min. ECU/super-game -60 -140 -260 -420
Min. TL/super-game -20 -20 -20 -20
Quiz ECU/correct answer 6 14 26 42
Survey payment 10TL 10TL 10TL 10TL
A:36vs27  A:90vs60  A:160vs 120  A:250 vs 190
Halt-Laury task (ECU)
B:60vs9  B:140vs20  B:260 vs 40 B: 420 vs 60
Treatment 1.
The subjects’ payoff matrix in each period:
Type 1 agent (and the principal) Type 2 agent
6=0 6=1 6=0 6=1
a=0 10 —20 a=0 —-20 -20
a=1 -20 10 a=1 10 10
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The payoff table above implies that the rational agent has no incentive to differentiate between her actions de-
pending on the state. However, if the agent has home-made other-regarding preferences, then we expect to observe the

bad agent playing action 0 more frequently when 6 = 0 compared to 8 = 1.

The ECU is converted to TRY with exchange rate e = 1/3.

Treatment 2.

The subjects’ payoff matrix in each period:

Period 1
Type 1 agent (and the principal) Type 2 agent
0=0 0=1 0=0 0=1
a=0 10 -20 a=0 —20 —20
a=1 -20 10 a=1 10 10
Period 2
Type 1 agent (and the principal) Type 2 agent
06=0 0=1 6=0 0=1
a=0 20 —40 a=0 —40 —40
a=1 —40 20 a=1 20 20
Period 3
Type 1 agent (and the principal) Type 2 agent
0=0 0=1 6=0 0=1
a=0 40 —80 a=0 —80 —80
a=1 —80 40 a=1 40 40
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The ECU is converted to TRY with exchange rate e = 1/7.

Treatment 3.

The subjects’ payoff matrix in each period:

Period 1
Type 1 agent (and the principal) Type 2 agent
60=0 0=1 6=0 06=1
a=0 10 -20 a=0 -20 -20
a=1 -20 10 a=1 10 10
Period 2
Type 1 agent (and the principal) Type 2 agent
0=0 0=1 6=0 0=1
a=0 30 —60 a=0 —60 —60
a=1 —60 30 a=1 30 30
Period 3
Type 1 agent (and the principal) Type 2 agent
0=0 0=1 6=0 0=1
a=0 90 —180 a=0 —180 —180
a=1 —180 90 a=1 90 90

The ECU is converted to TRY with exchange rate e = 1/13.
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Treatment 4.

The subjects’ payoff matrix in each period:

Period 1
Type 1 agent (and the principal) Type 2 agent
0=0 0=1 6=0 0=1
a=0 10 —20 a=0 —20 -20
a=1 -20 10 a=1 10 10
Period 2
Type 1 agent (and the principal) Type 2 agent
0=0 0=1 0=0 0=1
a=0 40 —80 a=0 —80 —80
a=1 —80 40 a=1 40 40
Period 3
Type 1 agent (and the principal) Type 2 agent
60=0 0=1 6=0 6=1
a=0 160 -320 a=0 -320 -320
a=1 -320 160 a=1 160 160

The ECU is converted to TRY with exchange rate e = 1/21.
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Appendix B.

We first define parameter §; € (0, 1) as the relative weight of the future periods while 1 — §; is the weight of period i. In
other words, in each period i the proportion of remaining stakes allocated to period i is (1 — §;) and the proportion to

i-1
leave to subsequent periods is &;. Thus, ¥% = (1 — ;) [] 9;. Defining the relative stakes this way allows us to set stakes
J

dynamically.

Proof. [Proposition 1] We will provide the proof in 2 steps. In first step, we will show the if Viil is non-decreasing in
Pit1, then pij (a; =0,6; =0) > p;i1 (a; = 1,0; = 0) .. In the second step, we will show that Viil is non-decreasing in

pi+1 in any equilibrium for i = 1,2.
Step 1.
If Vl-f_l is non-decreasing in p;;1, then pi+1 (¢; = 0,6, =0) > pit1 (a; = 1,6, =0).

Suppose P+ (a;i =0,6; =0) < pit1 (a;=1,6; =0) for some i € {1,2} in an equilibrium. As V7, is non-
decreasing in p;y1, then A;41(0,0) = 1 implies A;+1(1,0) = 1. Hence, in period i, the bad agent has no incentive
to play action O (when 6; = 0) as action 1 leads to both a higher stage payoff and a higher continuation payoff, i.e.

v? =0. Itimplies p;11 (a; = 0,6; = 0) > p;11 (a; = 1,6; = 0) for any u? by Bayes rule, hence we reach a contradiction.
Step 2.
Viﬁl is non-decreasing in p;+ in any equilibrium for i = 1,2.

In period 3, V3P =k— % + % p3 which is clearly increasing in p3. Combined with Step 1, this implies p3 (0,0) >
p3(1,0) in any equilibrium. Playing action O when the state is 0 leads to both a higher stage game payoff and a higher

continuation payoff to the good agent, hence p = 0. Moreover v < 1 and v} < ! by Bayes’ rule.
In period 2, there are two possibilities depending on the range of the reputation.
Case 1. pp > 1 —2k.

It implies, if the reputation is not update in the second period, then A3 = 1. Hence, ,uzl = v2l = 0 for any &, and
p3(1,1) = pa. Suppose for the contradiction that v21 > (. The best response of the good agent is to play action 1 with
probability 1, i.e. tt] =0 which implies p3(1,1) > p,. Hence, there is no equilibrium where v} > 0 when p, > 1 —2k.

uzl = 0 is the best response to v21 =0.

As 1 =0, p3(1,0) = 0 and A3(1,0) = 0. Hence, the bad agent has reputational incentives for high enough &.
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Sequential rationality constraint of the bad agent implies that to play action 0 with a positive probability, the following

must hold:

(1=8&)(k=1)+&k=>(1-6)k

1
>_
5z_kJrl

When the inequality is strict, then v§ = 1 if 23(0,0) = 1.

1
1 —_—
Ve
V) =1land Vf = (1—8)k+ 8 (k— 5+ 3p>) as there is no update in the reputation after (a2, 6,) = (0,0) and

(1,1). V£ is clearly increasing in p,

1
2) &< ——
k41
0
v, =0and
11 1 1 11
vy =(1-6) (k2+2pz)+ 3 G2 p2k + 3 62<k2+2pz>
~— ~—
6,=0 6,=1

which is also increasing in p;.

1

VY €[0,1] and

Vi=(1-&) <P2k+;(1—p2)k+;(1—p2) (k— 1+v§))

+ % & (p2+ (1—p2)V3) (k— 1y ;P3(0,0)>
—

2
~~
8,=0 problay=0]6,=0]

1 11
5 52<k—2+2/)2>

2
~—
6,=1

P2
where p3(0,0) = o by Bayes’ rule. Simplification shows that V2P is increasing in p;.

p2+(1—=p2)v,
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Case 2. pp < 1—2k.

1
1 > —
) % k+1
First, we will show that A3(0,6,) = 1 can not hold. Suppose A3(0,6,) = 1, which implies v? = 1. Then,
p3(0,0) = p, < 1 — 2k, contradiction. Thus, we need to introduce mixing strategy to the principal. Principal

mixing between hiring the agent and not after both 6, implies V3P =0. Thus,

—_
DN =

Vv =(1-8) <;pzk+;pz (k=) + L (1= po) (k= v)) + L (1= po) (k1+v2°)>

[\

1 1 1 1 1
=(1-&) <k—2—2P2I«121+2P2—2(1—P2)V21+2(1—P2)Vg>

For the principal to mix between hiring and not after 6,, p3(0,6,) = 1 — 2k. By Bayes’ rule:

P2
0,0)=————==1-2k
p3(0,0) P2+ (1—p2)v§
0 202k
—_V =
2 (= po) (1—20)
1
0.1) P2l
p3(L, 1) =
pattt + (1 —po)vi
1 2poki)
=V, =
2= T=p) (1—20)
VZP becomes:
1 1 pzk
P_ 1 o 1 ! |

V¥ is clearly non-decreasing in p, as /,121 <.

1
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vg =0and

which is clearly increasing in p;.
1
k+1

v, ul,vi €10,1] and

3) &=

1o 11 1
vy =(1-8) (k—2—2P2#21+2P2—2(1—P2)V21+2(1—P2)Vg>

1 11

3 &(p2+(1—p2)V) (k— 5+ 2p3(070>>
—

6,=0 proba;=0[6,=0]

1

2

~~

8 (patiy + (1= p2) v2) (k % + ;p3(0,1)>

6,=1 problay=0|6,=1]

e R atn)
apQ 21+k 2 2 2 2 2 2

. . .. P . . . .
which is always positive. Hence, V5 is increasing in p;.

We showed that both VZP and V3P are non-decreasing in p; and ps, respectively in any equilibrium. Hence, p; (0,0) >

pi+1(1,0) in any equilibrium. Moreover, if y! and/or v} is greater than zero, then p; ;1 (0,1) > p;11 (1,1) must hold.

Suppose otherwise. As the higher reputation is preferred, both type of agent will have an incentive to deviate to play

action 1. Hence, contradiction.

pi+1(0,0) > p;1(1,0) implies v? < 0 and if ! and/or v} is greater than zero, then p;+ (0,1) > piq(1,1)

implies vil < [.Lil by Bayes’ rule. O
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Proof. [Proposition 2] We will provide the proof by backward induction. First, we will provide two periods equilib-

rium. O

Lemma 1. In two-periods interaction,the principal-optimal equilibrium:

1) Ifp1 > 1—2k:

8 =2

1+k

vi=ul=0&VW=1
22(0,0) = Aa(1,1) = 1 & A2(1,0) = 22(0,1) = 0

2) If1 —4k+4k> < p; < 1 —2k:

_ 1
61_1+k

2kp;

(1—=p1)(1—2k)
22(0,0) =1, & 22(1,1) = A2(1,0) = 22(0,1) =0

vi=ul=0&V0 =

Proof. [Lemma 1] The expected continuation payoff of the principal in the last period (i = 2) is given by:

1 1
|7/
2 2+2P2
hence, A, (a;, 0;) = 1iff pp (a1,0,) > 1—2k

1) py > 1—2k:
First note that v{ = u! = 0 for any 8;following Proposition 1.

Principal chooses 0; = %

1. For contradiction, suppose that 8 > riz. Then, v{ =1 and V{ = (1 - &)k +

o1 (k— % + %pl) which is decreasing in 0;. Hence, the principal will deviate to d; = l%rk Suppose 0; < ﬁ,

then v{ =0 and

1 1 1 1 1
V1P=(1—51)(P1k+(1—P1)<k—2)>+ 3 O1p1k+ 3 ] (k—2+2p1)
~~ ~~
6,=0 0,=1

which is increasing in 8;. Hence, the principal will deviate to §; = ﬁ
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k 1 1

lezﬁ P1k+§(1—Pl)(k—1)+§(1—Pl)(k—H‘V?)
—_——
6,=1&b 6, =0&b
11 0 1
+ 3 1+k(pl+(1—pl)v1)(lc—2+2;oz(0,0)>
6,=0 probla;=0/6;=0]
+ 1 L k71+1
2 Trk\F T2 2P
=~

»
For k > B = 37 (1=p1) (2k— %) > 0. Hence, V{ is increasing in v{ and the principal-optimal v{ = 1.

02(0,0)=py(1,1)=p; > 1—2k& p2(1,0) = p2(0,1) =0, thus 2(0,0) = A2(1,1) = 1 & A5(1,0) = A,(0,1) =0.

VIP becomes:

2) 1 —dk+4k><p; <1—2k

Note that A5 (1,6;) = 1 can not be an equilibrium strategy because it implies vle '=0and p, (1,0)) <p; <1-—2k

contradiction.
Principal again chooses 8, = l—ik For contradiction, suppose that §; > ﬁ Then,
a) 22(0,6;) =1 for some 6, € {0,1}. Sequential rationality of bad agent implies vle I = 1. But then,

p2(0,61) = p; < 1 —2k, contradicting 2,(0,6;) =1 .
b) Hence, A,(0,6,) < 1 for both 6; € {0,1}. 22(0,6;) < 1 implies Vi = 0. AsV} =0, VI is decreasing in

01, hence the principal will deviate to §; = l—ik

Now suppose suppose that d; < l%rk:

1 1
~~~
6,=0

which is increasing in d;. Hence, the principal will deviate to §; = ﬁk

For 0; = l%rk, the expected continuation payoff of the principal:
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1 1
vP _+( prk+ pl(k )+ 2(1Pl)(kvll)+2(1p‘)(kl+v?)>

1 1

+ 51 (P1+(1—P1)V1)(k_ + p2(00)>
_/_’

9\2:8 probla;=0|6,=0]

1 1 1 11
+\2/1+k(p1u1+(1—p1)\/1)(k—2+2P2(0’1))

6,1 probla;=0/0,=1]

VI is independent of y; thus the principal-optimal g € [0, 1].
(l —p1) <0, hence V1 is decreasing in v1 and the principal-optimal v1 =0.

(1—p1) (2k—3) > 0 for k > J, hence V{ is increasing in v{. The principal-optimal v{ is the

maximum probability in which the equilibrium believes are satisfied. More precisely, p2(0,0) > 1 — 2k so that

2kpy
22(0,0) = 1. p2(0,0) is decreasing in v and the maximum v} satisfying equilibrium conditions is =pn(i=20
“o(1—

and p»(0,0) = 1 —2k.

VIP becomes:

1
v = 2k —2k* — = + p1>

k
(1+k)(1—2k)< 22

which is non-negative for p; > 1 — 4k + 4k>. Thus, for lower initial reputation levels, A; = 0

Proof. [Proposition 2]

From Lemma 6, we know last two periods equilibria for two different ranges of p,. Note that, by Proposition

1, p2(1,0;) < p1. As p; < 1—4k+4k*, 2,(1,0;) = 0 in any equilibrium. In the first period of the three periods

interaction, there are two possibilities: (1) p»(0,0;) > 1 — 2k or (2)p, (0,0;) < 1 —2k. The reputation of the agent

must be in the same range after both states. Otherwise, suppose p» (0,6;) > 1 —2k and p; (0, 9; ) < 1—2k for 0; # 9;.

For &, if the bad agent is indifferent between both actions for 6]/ , then vf I'=1as (0, 0,) leads to a higher continuation

payoff than (0, 9{) It implies p, (0,0,) = p; < 1 — 2k, contradiction. For &y, if the bad agent is indifferent between

both actions for 0y, then v19 I'=0. It implies py (O, 6{) =1 > 1— 2k, contradiction.
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Following the similar calculations as in Lemma 1, it is easy to show that V"

e is increasing in O if Oy is such that vfl

e is decreasing in 8 if 8, is such that vfl >0

hence, the principal will set §; so that the bad agent is indifferent between playing both actions.

Case 1. p2(0,601) > 1—-2k

The sequential rationality constraint of the bad agent implies:

k2

1
(1-8)k=(1-0))(k—1)+ 6 §k+l+k

2(1+k)
Sl=——
AR, S VS Y%

for given &y, uy =1 as V§f > V2b . It is easy to show that le is decreasing in v1', hence the principal optimal

vll = 0. The expected continuation payoff of the principal:

k+3k2 1 1 1 0
VP k| +(1—p)  2k+ = (k—1
U ke | P 2| T ”1)<2 5 +V1))

2(1+k)

11
S 2, 11
2+ 3k + 3K (k K 2+2p2(0’0)>

1
(p1 4—(1—1)1)"?)17+,C

probla;=0|6,=0]

+

{N‘_

6,=0

)
Il

2(1+k)
2p1k

+ 2+ 3k+3k

<MH

6,=1

which is increasing in v? for k > %. Hence the maximum v? satisfying equilibrium conditions is the principal

2kp1
optimal, which correspondsto V0 = ———_and 0,0) = 1 — 2k. V¥ becomes:
p P 1 (1—py) (1—2k) p2(0,0) 1
p k(11263 =21 =2k (4+p1) —k(1—2p1))
Vi = 1
! 2(—2+k+3k2+6k3) )
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Case 2. p2(0,6) <1—2k

The sequential rationality constraint of the bad agent implies:

k2
(I=61)k=(1-61)(k—1)+0 T+k
1+k
0= ge

for given &), 4} = 1 as Vzg > Vzb. The expected continuation payoff of the principal:

K? 1 1 1
P __ 1 0
1% = Te | o k=3 +(1—p1)<2(k—v1)+2(k—1+v1))
1 1+k k 1 1
- 1—p)V))———— [ 2k— 2k — =+ =p2 (0,0
3 1+k+kzw(l+k)(l—2k)< 2 H3P2 (0 ))
6,=0 probla;=0/6;=0]
| 14k k 11
- — 1- N (2k—2K— =+ —p» (0,1
+\2/1+k+kzw(l+k)(12k)< 2 T2 (0 ))
6,=1 probla;=0|6,=1]

VlP is decreasing in vll, hence the minimum vll satisfying equilibrium conditions is the principal optimal, which
2kp:

—and p»(0,1) = 1 —2k. V¥ is increasing in v? for k > L. Hence the maxi-
(1—p) (120 PO | giavifork>1

corresponds to vl1 =

4kpy (1K)

mum v? satisfying equilibrium conditions is the principal optimal, which corresponds to v? = m
—p)(1—

and p2(0,0) = 1 — 4k +4k>. VI becomes:

o KR(=1+6k — 126> + 8k +py)
Vi = )
! 2(1—2k)2 (1 +k+4k2)

1+k

Comparison shows that for sufficiently small p;, (2) > (1). Hence the principal sets 6; = T O

Proof. [Proposition 3]
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Note that there is reputational incentive in any equilibria. Suppose that vie" > 0 for some 6;. The maximum
continuation payoff the bad agent can get is % (f%) + %% + %% = 0. The agent deviates to play action 1 and get %%
The same reasoning also applies to the good agent. Hence, p, (0,0) = 1 and p (1,1) = p;. Thus, A, (0,0) =1 and
22 (1,1) depends on V. For the lowest py, Vf = % (p2+ %pz — % (1-p2)) = % (2p2 — %) As py(1,1) =p; =0.1,
A2 (1,1) = 0. The agent is hired in the second period only after (0,0). Thus the principal’s expected continuation

payoft:

1 1 1 1/5 1
V1P:§ (Pl—z(l—Pl)‘f’ZPlz) =9 (2P1—2>

which is equal to 0 for p; =0.1. O

Proof. [Proposition 4]

There is no reputation incentive in the second period. The reasoning is that playing action 0 can lead a maximum

continuation payoff 2—11 (=4 +4) =0, the agent will deviate to lay action 1 and get 2—112. Thus, vg &v21 &y =0.

First we will show that A3(1,1) € (0,1) in any equilibrium. Suppose that A3(1,1) = 0. Then, V} = %2. Se-
quential rationality constraint of the bad agent implies V?&v! = 0. But then, p>(0,6;) = 1, hence A3(1,1) = 1,

contradiction.

Suppose that A3(1,1) = 1. Then, V§ = % (2+4). Sequential rationality constraint of the bad agent implies
VW&v! = 1. But then, p2(0,6,) = p; as v} = 1 implies 1 = 1 by Proposition 1. As p; =0.1, p3(1,1) = p, = p; =0.1,

then A3(1, 1) = 0, contradiction.

1 1 2 2
For l}(l, 1) S (07 1), P3 (1, 1) =pP2= 3. For P2 (0,0) =3 m =3- Hence, V? = 11)’;1 =3-

There are two possibilities when 8; = 1. The principal may hire or not hire the agent after (0, 1). Note that the
agent will never be hired after (1, 1) because p> (1,1) = py. If the principal is hiring the agent after (0, 1), then v >0
and u; = 1 by Proposition 1. Moreover, the principal may never hire after observing 6; = 1 irrespective of the action.

The agent’s best response is ¢ = 0 and vl1 =0.

Case 1. 4,(0,1)=1
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1 1 1 12
Vi = 1 <2P2+(1P2)(1)+2P24) =510, =1 =53

p_1 (1 Ly N2\ _ L/ 1y 1
=g\t et 0-ra=55)3) =0 (> —3) =7
Case2. 2,(0,1)=0

1 _ 0_ 2p1 _ 2
Then, 1 &v; =0, v] = = 5

1 1 1
V1P:21{P1+2(1—P1)1+2(1_P1)(V?1_(1_"?)2)

2p1 20 1 /1 Iy _ 1.5
+<P1+(1P1)(1_p1))3}21<2P12>21 100—0'0024

As the second case leads to a higher expected continuation payoff, the principal will not hire after observing 6, =1. [

Proof. [Proposition 5]

First we will show that A,(1,1)&A3(1, 1) = 0 in any equilibrium.
1) Suppose that A>(1,1) = 0 and A3(1,1) > 0. Then, V¥ > %3, hence vle‘ =1 for both ;. But then p»(0,60;,) =
p1 = p3(1,1), contradicting A3(1,1) > 0.

2) Suppose that A>(1,1) > 0 and A3(1,1) > 0. Note that p»(1,1) < p;, hence A3(1,1) = 0 after (a1, 6;) = (1,1).
Suppose A3(1,1) > 0 after after (a;, 6;) = (0,6;) for any 6;. Then, vfl =1 and p»(0, 6;) = pi, contradicting
As(1,1) > 0.

3) Suppose that A5(1,1) > 0 and A3(1,1) = 0. A3(1,1) = 0 implies V¥ = 553. If A>(1,1) > 0, then v{ = 0. But

then, u; = 1 and p,(0, 1) = 1. The bad agent will deviate to action 0. Hence there is no such equilibrium.

Note that the principal’s expected continuation payoff is decreasing in vio. Hence, v21 = 0 in the principal-optimal

equilibrium.
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1 1 1 1

39V = [ 523+ 5p2 (=6 +3(1 = ) + 5 (1=p2)3+ 5 (1= p2) (33 =6 (1-v3))

1 o (27 9\ 1
t3 (p2+(1=p2)V7) <2P3(070) - 2) + 5229
which is independent off 1, hence the principal-optimal y; € [0, 1].

39vF 9 9

hence, V2P is increasing in vg . The principal-optimal vg is the highest probability satisfying the equilibrium

P2
condition so that A3(0,0) = 1. In particular, p3(0,0) = ——— =3
(0.0 00 =g

2 1
9 %. V5 becomes 5 (9p2 — 1).

|
o
5
a
N<
Il

23(1,1) =0and A,(0,6;) = 1 implies that § < p,(0,6;) < 1.

Note that vl1 = 0 can not hold because the good agent’s best response would be y; = 1 and p,(0,1) = 1. The

bad agent will deviate to action 0. From Proposition 1, vl1 > 0 implies y; = 1. Again, VIP is decreasing in vll,

hence the principal-optimal V11 is the lowest probability satisfying the equilibrium condition. In particular, p,(0,1) =

p1
. _landvyl=2P _2
pi+(1—pi)vi 3AEVE= 551 70
P ! ! | | ! 0 0
39vP = —§p1+§(1—p1)(—2v1—&—(l—vl))—i—i(l—pl)(vl—2(1—v1))
1 o (3 1 (3
+§(P1+(1*P1)V1) 5(9P2(070)*1) +§(pl+(17pl)vl) 5(9P2(0a1)*1)

39VF 3 3

Tv?: 5(1*131)*1(1*131) >0

hence, V! is increasing in v?. The principal-optimal v? is the highest probability satisfying the equilibrium
p1

condition. In particular, p5(0,0) = —————— =1 and V0 =
pr+(1—pr)vy 7 L

8p1
—pP1

= %. VIP becomes:
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127 1 1.7

P

— s o = 2 ~o021
i=3g| 2P 7| = 7g =00218

Proof. [Proposition 6]

We will first show that A,(0,6;) < 1 for both 6;. Suppose for contradiction that A,(0,0;) = 1 for some 6.
Then vl91 = 1 which implies p»(0,0;) = p;. After (0,0), if 23(0,6,) = 1 for some 6, then v292 =1 and p3(0,6,) =
p2(0,6)) =p; < %, contradicting A3(0,6,) = 1. Hence, if 1,(0,0;) = 1 for some 6y, then A3(0,6,) € (0, 1) for both

0, after observing (0, 0;). Then:

1 1 1 1
63y = P24+ 5p2 (=812 +4(1— 1)) + 5 (1 - p2) (—8vs+4(1-v;)) + 7(1=p2) (4 —8(1-w))

23(0,6,) € (0,1) implies p3(0,6,) = §. Hence, v = 22 and v} = 3422,

63VY = 18p, — 18pou — 2

which is negative for p; < é. Thus, p; = 0.1 implies A,(0,0;) < 1 for both 8;. The lowest p, for which the

agent is hired in the second period is p; = é where , = 0 and A3(ay, 1) = 0 for both a;.

22(0,6;) € (0,1) implies p,(0,6;) = § and vf’ = 187”1;1 = % for both 6;. It in turn implies y; = 1 by Proposition

1. 23(0,0) € (0,1) implies v§ = % = 1. 4i+1(0,6;) probabilities follow from the sequential rationality constraints

of the bad agent.

22(0,6y) € (0,1) implies V¥ = 0. Hence, V' = — 2z ~ —0.00794 O



Proof. [Proposition 7]

Note that there is reputational incentive in any equilibria. Hence, p; (0,0) = 1 and p; (1,1) = p;. Thus, A, (0,0) =
1 and A, (1,1) depends on V{. For the lowest p,, VI = ﬁ (2p2+ %pz —(1-p)) = ﬁ (%pz —1). Aspr(1,1)=p; =
0.1, A (1,1) = 0. The agent is hired in the second period only after (0,0). Thus the principal’s expected continuation

payoft:

1 3 3 1 3 1
=1 <3p1 —2(1—p1)+2p1> = 1s <6p1 —2> =55 =005
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